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A theory of clustering of inertial particles advected by a turbulent velocity field caused by an
instability of their spatial distribution is suggested. The reason for the clustering instability is a
combined effect of the particles inertia and a finite correlation time of the velocity field. The crucial
parameter for the clustering instability is a size of the particles. The critical size is estimated for
a strong clustering (with a finite fraction of particles in clusters) associated with the growth of
the mean absolute value of the particles number density and for a weak clustering associated with
the growth of the second and higher moments. A new concept of compressibility of the turbulent
diffusion tensor caused by a finite correlation time of an incompressible velocity field is introduced.
In this model of the velocity field, the field of Lagrangian trajectories is not divergence-free. A
mechanism of saturation of the clustering instability associated with the particles collisions in the
clusters is suggested. Applications of the analyzed effects to the dynamics of droplets in the turbulent
atmosphere are discussed. An estimated nonlinear level of the saturation of the droplets number
density in clouds exceeds by the orders of magnitude their mean number density. The critical size
of cloud droplets required for clusters formation is more than 20µm.
PACS numbers: 47.27.Qb, 05.40.-a
I. INTRODUCTION
Formation and evolution of aerosols and droplets in-
homogeneities (clusters) are of fundamental significance
in many areas of environmental sciences, physics of the
atmosphere and meteorology (e.g., smog and fog for-
mation, rain formation), transport and mixing in in-
dustrial turbulent flows (like spray drying, pulverized-
coal-fired furnaces, cyclone dust separation, abrasive
water-jet cutting) and in turbulent combustion (see, e.g.,
[1, 2, 3, 4, 5, 6, 7, 8]). The reason is that the direct, hy-
drodynamic, diffusional and thermal interactions of par-
ticles in dense clusters strongly affect the character of the
involved phenomena. Thus, e.g., enhanced binary colli-
sions between cloud droplets in dense clusters can cause
fast broadening of droplet size spectrum and rain for-
mation (see, e.g., [8]). Another example is combustion of
pulverized coal or sprays whereby reaction rate of a single
particle or a droplet differs considerably from a reaction
rate of a coal particle or a droplet in a cluster (see, e.g.,
[9, 10]).
Analysis of experimental data shows that spatial distri-
butions of droplets in clouds are strongly inhomogeneous
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(see, e.g., [11, 12, 13, 14]). Small-scale inhomogeneities
in particles distribution were observed also in laboratory
turbulent flows [15, 16, 17, 18].
It is well-known that turbulence results in a relaxation
of inhomogeneities of concentration due to turbulent dif-
fusion, whereas the opposite process, e.g., a preferen-
tial concentration (clustering) of droplets and particles
in turbulent fluid flow still remains poorly understood.
In this paper we suggest a theory of clustering of parti-
cles and droplets in turbulent flows. The clusters of par-
ticles are formed due to an instability of their spatial dis-
tribution suggested in Ref. [19] and caused by a combined
effect of a particle inertia and a finite velocity correlation
time. Particles inside turbulent eddies are carried out
to the boundary regions between them by inertial forces.
This mechanism of the preferential concentration acts in
all scales of turbulence, increasing toward small scales.
An opposite process, a relaxation of clusters is caused by
a scale-dependent turbulent diffusion. The turbulent dif-
fusion decreases towards to smaller scales. Therefore, the
clustering instability dominates in the Kolmogorov inner
scale η, which separates inertial and viscous scales. Expo-
nential growth of the number of particles in the clusters
is saturated by their collisions.
In our previous study [19] we suggested and analyzed
qualitatively an idea that inertia of particles may lead to
their clustering. Later this idea was questioned by our
quantitative analysis [20, 21] of the Kraichnan model of
turbulent advection of particles by the delta-correlated in
time random velocity field. It was proved that the clus-
tering of inertial particles does not occur in the Kraich-
nan model. The latter result may be considered as coun-
terexample.
2The main quantitative result of the theory of clustering
instability of inertial particles, suggested in this paper,
is the existence of this instability under some conditions
that we determined. We showed that the inertia of the
particles is only one of the necessary conditions for par-
ticles clustering in turbulent flow. In the present study
we found a second necessary condition for the clustering
instability: a finite correlation time of the fluid velocity
field which in the suggested theory results in a nonzero di-
vergence of the field of Lagrangian trajectories. This time
is equal zero in the above mentioned Kraichnan model
(see [22]) which was the reason for the disappearance of
the instability in this particular model.
In this study we used a model of the turbulent veloc-
ity field with a finite correlation time which drastically
changes the dynamics of inertial particles. In the frame-
work of this model of the velocity field we rigorously de-
rived the sufficient conditions for the clustering instabil-
ity. We demonstrated the existence of the new phenom-
ena of strong and weak clustering of inertial particles in
a turbulent flow. These two types of the clustering in-
stabilities have different physical meaning and different
physical consequences in various phenomena. We com-
puted also the instability thresholds which are different
for the strong and weak clustering instabilities.
II. QUALITATIVE ANALYSIS OF STRONG
AND WEAK CLUSTERING
A. Basic equations in the continuous media
approximation
In this study we used the equation for the number den-
sity n(t, r) of particles advected by a turbulent velocity
field u(t, r):
∂n(t, r)
∂t
+∇ · [n(t, r)v(t, r)] = D∆n(t, r) , (2.1)
where D = kT/6πνρa is the coefficient of molecular
(Brownian) diffusion, ν is the fluid kinematic viscosity,
ρ and T are the fluid density and temperature, respec-
tively, a is the radius of a particle and k is the Boltz-
mann constant. Due to inertia of particles their velocity
v(t, r) 6= u(t, r), e.g., the field v(t, r) is not divergence-
free even for div u = 0 (see [19]). Equation (2.1) implies
conservation of the total number of particles in a closed
volume. Consider
Θ(t, r) = n(t, r)− n¯ , (2.2)
the deviation of n(t, r) from the uniform mean number
density of particles n¯. Equation for Θ(t, r) follows from
Eq. (2.1):
∂Θ(t, r)
∂t
+ [v(t, r) ·∇]Θ(t, r) (2.3)
= −Θ(t, r) divv(t, r) +D∆Θ(t, r) .
Here we assumed that the mean particles velocity is zero.
We also neglected the term ∝ n¯ div v describing an effect
of an external source of fluctuations. This term does not
affect the growth rate of the instability. In the present
study we investigate only the effect of self-excitation of
the clustering instability, and we do not consider an ef-
fect of the source term on the dynamics of fluctuations.
The source term ∝ n¯ div v causes another type of fluctu-
ations of particle number density which are not related
with an instability and are localized in the maximum
scale of turbulent motions. A mechanism of these fluctu-
ations is related with perturbations of the mean number
density of particles by a random divergent velocity field.
The magnitude of these fluctuations is much lower than
that of fluctuations which are caused by the clustering
instability.
In our qualitative analysis of the problem we use
Eq. (2.3) written in a co-moving with a cluster reference
frame. Formally, this may be done using the Belinicher-
L’vov (BL) representation (for details, see [23, 24]). Let
ξL(t0, r| t) will be Lagrangian trajectory of the reference
point [in the particle velocity field v(t, r)] located at r at
time t0 and ρL(t0, r|t) be an increment of the trajectory:
ρL(t0, r|t) =
∫ t
t0
v[τ, ξL(t0, r|τ)] dτ , (2.4)
ξL(t0, r|t) ≡ r + ρL(t0, r|t) .
By definition ρL(t0, r| t0) = 0 and ξ(t0, r| t0) = r. Define
as r0 a position of a center of a cluster at the “initial”
time t0 = 0 (for the brevity of notations hereafter we
skip the label t0 ) and consider a “co-moving” reference
frame with the position of the origin at ζ0(t) ≡ ζ(r0| t).
Then BL velocity field v˜(r0|t, r) and BL velocity differ-
ence W (r0|t, r) are defined as
v˜(r0|t, r) ≡ v[t, r + ρL(r0|t)] , (2.5)
W (r0|t, r) ≡ v˜(r0|t, r)− v˜(r0|t, r0) . (2.6)
Actually the BL representation is very similar to the La-
grangian description of the velocity field. The difference
between the two representations is that in the Lagrangian
representation one follows the trajectory of every fluid
particle r + ρL(r, t0|t) (located at r at time t = t0),
whereas in the BL-representation there is a special ini-
tial point r0 (in our case the initial position of the center
of the cluster) whose trajectory determines the new co-
ordinate system (see [23, 24]). With time the BL-field
v˜(r0|t, r) becomes very different from the Lagrangian
velocity field. It must be noted that the simultaneous
correlators of both, the Lagrangian and the BL-velocity
fields, are identical to the simultaneous correlators of the
Eulerian velocity v(r, t). The reason is that for station-
ary statistics the simultaneous correlators do not depend
on t, and in particular one can assume t = t0.
Similar to Eq. (2.5) let us introduce BL representation
for Θ(t, r):
Θ˜(r0|t, r) ≡ Θ[t, r + ρL(r0|t)] . (2.7)
3In BL variables defined by Eqs. (2.5)-(2.7), Eq. (2.3)
reads:
∂Θ˜(r0|t, r)
∂t
+ [W (r0|t, r) ·∇]Θ˜(r0|t, r) (2.8)
= −Θ˜(r0|t, r) divW (r0|t, r) +D∆Θ˜(r0|t, r) .
The difference between Eqs. (2.3) and (2.8) is that
Eq. (2.8) involves only velocity difference (2.6) in which
the velocity v˜(r0|t, r0) of the cluster center is subtracted.
B. Rigid-cluster Approximation
Consider qualitatively a time evolution of different sta-
tistical moments
of the deviation Θ(t, r) defined by
Mq(t) ≡ 〈|Θ(t, r)|q〉v , (2.9)
assuming that at the initial time, t = 0, the spatial distri-
bution of particles is almost homogeneous, all moments
Mq(0) are small, where 〈·〉v denotes the ensemble aver-
aging over random velocity field v. In order to eliminate
the kinematic effect of sweeping of the cluster as a whole
we consider Eq. (2.3) in the BL-representation, Eq. (2.8).
Since the simultaneous moments of any field variables in
the Eulerian and in the BL-representations coincide, the
moments Mq(t) can be written as
Mq(t) = 〈|Θ˜(r0|t, r)|q〉v . (2.10)
Our conjecture is that on a qualitative level we can con-
sider the role of each term in the Eq. (2.8) separately, as-
suming some reasonable, time independent, frozen shape
θ(x) of a distribution Θ˜(r0|t, r) inside a cluster:
Θ˜(r0|t, r) = A(t) θ
( |r − r0|
ℓcl
)
. (2.11)
Here A(t) is time-dependent amplitude of a cluster, ℓcl
is the characteristic width of the cluster. Shape func-
tion θ(x) may be chosen with a maximum equal one at
x = 0 and unit width. Real shapes of various clusters
in the turbulent ensemble are determined by a compe-
tition of different terms in the evolution equation (2.8).
However, we believe that particular shapes affect only
numerical factors in the expression for the growth rate
of clusters and do not effect their functional dependence
on the parameters of the problem which is considered in
this subsection.
1. Effect of turbulent diffusion
The advective term in the LHS of Eq. (2.8) results in
turbulent diffusion inside the cluster. This effect may be
modelled by renormalization of the molecular diffusion
coefficient D in the right hand side (RHS) of Eq. (2.8)
by the effective turbulent diffusion coefficient DT with a
usual estimate of DT:
D → D +DT , DT ∼ ℓclvcl/3 . (2.12)
Hereafter vcl is the mean square velocity of particles at
the scale ℓcl. Instead of the full Eq. (2.8) consider now a
model equation
∂Θ˜(r0|t, r)
∂t
= DT∆Θ˜(r0|t, r) , (2.13)
which accounts only for turbulent diffusion. Equa-
tions (2.10) and (2.13) yield:
∂Mq(t)/∂t ≃ q〈|Θ˜(r0|t, r)|q−1DT∆|Θ˜(r0|t, r)|〉w. (2.14)
Substituting distribution (2.11) we estimate Laplacian in
Eq. (2.14) as −1/ℓ2cl. Equations (2.13) and (2.14) imply
that
∂Mq(t)/∂t = −qDTMq(t)/ℓ2cl . (2.15)
The solution of Eq. (2.15) reads:
Mq(t) = Mq(0) exp[−γdif(q) t] ,
γdif(q) ∼ qDT/ℓ2cl , (2.16)
where γdif(q) denotes a contribution to the damping rate
of Mq(t) caused by turbulent diffusion.
2. Effect of particles inertia
In this subsection we show that the term −Θ˜ divW in
the RHS of Eq. (2.8) can result in an exponential growth
of Mq(t) ∝ exp[γin(q) t], i.e., in the instability. We de-
noted here the contribution to the growth rate ofMq(t),
caused by the inertia of particles, by γin(q). In order
to evaluate γin(q) we neglect now in Eq. (2.8) both, the
convective term in the LHS of this equation (i.e. the the
turbulent velocity difference inside the cluster) and the
molecular diffusion term. The resulting equation reads:
∂Θ˜(r0|t, r)
∂t
= −Θ˜(r0|t, r) divW (r0|t, r) . (2.17)
The main contribution to the BL-velocity difference
W (r0|t, r) in the RHS of this equation is due to the ed-
dies with size ℓcl, the characteristic size of the cluster.
Denote by vcl the characteristic velocity of these eddies
and by τv ∼ ℓcl/vcl the corresponding correlation time.
In our qualitative analysis we neglect the r dependence
of divW (r0|t, r) inside the cluster and consider the di-
vergence in Eq. (2.17) as a random process b(t) with a
correlation time τv:
divW (r0|t, r)→ b(t) . (2.18)
Together with the decomposition (2.11) this yields the
following equation for the cluster amplitude A(t):
∂A(t)
∂t
= −A(t) b(t) . (2.19)
4The solution of Eq. (2.19) reads:
A(t) = A0 exp[−I(t)] , I(t) ≡
∫ t
0
b(τ)dτ . (2.20)
Integral I(t) in Eq. (2.20) can be rewritten as a sum of
integrals In over small time intervals τv:
I(t) =
t/τv∑
n=1
In , In(t) ≡
nτv∫
(n−1)τv
b(τ) dτ .
In our qualitative analysis integrals In may be considered
as independent random variables. Using the central limit
theorem we estimate the total integral
I(t) ∼
√
〈I2n〉v
√
Nζ , 〈I2n〉v = 〈b2〉v τ2v ,
where 〈. . .〉v denotes averaging over turbulent velocity
ensemble, ζ is a Gaussian random variable with zero
mean and unit variance, N = t/τv. Now we calculate
Mq(t) =
∫
ΘqP (ζ) dζ , P (ζ) = (1/
√
2π) exp(−ζ2/2) .
Therefore,Mq(t) = J1 exp(q2S2N/2), where
J1 = (1/
√
2π)
∫
exp[−(ζ − qS
√
N)2/2] dζ ∼ 1 .
Since the main contribution to the integral J1 arises from
ζ ∼ qS
√
N , the parameter q cannot be large. In this
approximation the q−moments
Mq(t) =Mq(0) exp[γin(q)t]
with γin(q) being the growth rate of the q-th moment due
to particles inertia which is given by
γin(q) ∼ 1
2
〈τv[divW (r0|t, r)]2〉vq2 . (2.21)
3. Qualitative picture of the clustering instability
In previous subsections we evaluated the contributions
to the growth rate ofMq(t) due to the turbulent diffusion
γdif(q), Eq. (2.16), and due to the particles inertia γin(q),
Eq. (2.21). The total growth rate may be evaluated as a
sum of these contributions:
Mq(t) = Mq(0) exp(γqt) , (2.22)
γq ≃ γdif(q) + γin(q) ,
γq ∼ −qDT/ℓcl + 1
2
〈τv[divW (r0|t, r)]2〉vq2 .
Clearly, the instability is caused by a nonzero value of
〈τv(divW )2〉, i.e., by a compressibility of the particle ve-
locity field v(t, r).
Compressibility of fluid velocity itself u(t, r) (including
atmospheric turbulence) is often negligible, i.e., divu ≈
0. However, due to the effect of particles inertia their
velocity v(t, r) does not coincide with u(t, r) (see, e.g.,
[25, 26, 27, 28]), and a degree of compressibility, σv, of
the field v(t, r), may be of the order of unity[19, 20, 29].
Parameter σv is defined as
σv ≡ 〈[div v]2〉/〈|∇ × v|2〉 . (2.23)
Note that parameter σv is independent of the scale of the
turbulent velocity field. It characterizes a compressible
part of the velocity field as a whole. The main contribu-
tion to this parameter comes from the scales which are
of the order of the Kolmogorov scale η.
For inertial particles div v ∼ τp∆P/ρ, where τp is the
particle response time,
τp = mp/6πρνa = 2ρpa
2/9ρν , (2.24)
where mp and ρp are the mass and material density of
particles, respectively. The fluid flow parameters are:
pressure P , Reynolds number Re = LuT/ν, the dissi-
pative scale of turbulence η = LRe−3/4, the maximum
scale of turbulent motions L and the turbulent velocity
uT in the scale L. Now we can estimate σv as
σv ≃ (ρp/ρ)2(a/η)4 ≡ (a/a∗)4 (2.25)
(see [20]), where a∗ is a characteristic radius of particles.
For a > a∗ it is plausible to correct this estimate as
follows:
σv ∼ a
4
a4 + a4∗
. (2.26)
For water droplets in the atmosphere ρp/ρ ≃ 103 and
a∗ ≃ η/30. For the typical value of η ≃ 1mm it yields
a∗ ≃ 30µm. On windy days when η decreases, the value
of a∗ correspondingly becomes smaller.
Then we estimate 〈τv[divv]2〉 as 2σv/τv, because
〈[rotv]2〉 ∼ 2τ−2v . Assuming that the cluster size ℓcl is
of the order of the inner scale of turbulence, η, we have
to identify τv with a turnover time of eddies in the inner
scale η, τv → τη ≡ η/vη = (L/uT)Re−1/2. Thus, the
growth rate γq of the q-th moment in Eq. (2.22) may be
evaluated as
γq ≃ γcl q(q − qcr) , γcl ∼ σv
τη
, qcr ∼ 1
3σv
. (2.27)
Clearly, the moments with q > qcr are unstable. Equa-
tions (2.25) and (2.27) imply that it happens when
a > aq,cr where aq,cr = a1,cr/q
1/4 is the value of a at
which qcr = q. The largest value of aq,cr corresponds to
the instability of the first moment, 〈|Θ|〉: a1,cr ∼ 0.8 a∗,
a2,cr ≈ 0.84 a1,cr, a3,cr ≈ 0.76 a1,cr, a4cr ≈ 0.71 a1,cr, etc.
Note that if 〈|Θ|〉 grows in time then almost all parti-
cles can be accumulated inside the clusters (if we neglect
a nonlinear saturation of such growth). We define this
case as a strong clustering. On the other hand, if qcr > 1
the first moment 〈|Θ|〉 does not grow, and the clusters
5contain a small fraction of the total number of parti-
cles. This does not mean that the instability of higher
moments is not important. Thus, e.g., the rate of bi-
nary particles collisions is proportional to the square of
their number density 〈n2〉 = (n¯)2 + 〈|Θ|2〉. Therefore,
the growth of the 2nd moment, 〈|Θ|2〉, (which we de-
fine as a weak clustering) results in that binary collisions
occur mainly between particles inside the cluster. The
latter can be important in coagulation of droplets in at-
mospheric clouds whereby the collisions between droplets
play a crucial role in a rain formation. The growth of
the q-th moment, 〈|Θ|q〉, results in that q-particles col-
lisions occur mainly between particles inside the cluster.
The growth of the negative moments of particles num-
ber density (possibly associated with formation of voids
and cellular structures) was discussed in [30] (see also
[31, 32]).
In the above qualitative analysis whereby we consid-
ered only one-point correlation functions of the number
density of particles, we missed an important effect of an
effective drift velocity which decreases a growth rate of
the clustering instability. For the one-point correlation
functions of the number density of particles the effective
drift velocity is zero for homogeneous and isotropic tur-
bulence. However, in the equations for two-point and
multi-point correlation functions of the number density
of particles the effective drift velocity is not zero and as
we will see in the next section it increases a threshold for
the clustering instability.
III. THE CLUSTERING INSTABILITY OF THE
2ND MOMENT
A. Basic equations
In the previous section we estimated the growth rates
of all moments 〈|Θ|q〉. Here we present the results of a
rigorous analysis of the evolution of the two-point 2nd
moment
Φ(t,R) ≡ 〈Θ(t, r)Θ(t, r +R)〉 . (3.1)
In this analysis we used stochastic calculus [e.g., Wiener
path integral representation of the solution of the
Cauchy problem for Eq. (2.1), Feynman-Kac formula
and Cameron-Martin-Girsanov theorem]. The compre-
hensive description of this approach can be found in
[21, 33, 34, 35].
We showed that a finite correlation time of a turbulent
velocity plays a crucial role for the clustering instability.
Notably, an equation for the second moment Φ(t,R) of
the number density of inertial particles comprises spatial
derivatives of high orders due to a non-local nature of
turbulent transport of inertial particles in a random ve-
locity field with a finite correlation time (see Appendix A
and [20]). However, we found that equation for Φ(t,R)
is a second-order partial differential equation at least for
two models of a random velocity field:
M odel I. The random velocity with Gaussian statis-
tics of the integrals
∫ t
0 v(t
′, ξ) dt′ and
∫ t
0 b(t
′, ξ) dt′, see
Appendix B.
M odel II. The Gaussian velocity field with a small yet
finite correlation time, see Appendix C.
In both models equation for Φ(t,R) has the same form:
∂Φ/∂t = LˆΦ(t,R) , (3.2)
Lˆ = B(R) + 2U(R) ·∇+ Dˆαβ(R)∇α∇β ,
but with different expressions for its coefficients. The
meaning of the coefficients B(R), U(R) and Dˆαβ(R) is
as follows:
– Function B(R) is determined only by a compress-
ibility of the velocity field and it causes generation of
fluctuations of the number density of inertial particles.
– The vector U(R) determines a scale-dependent drift
velocity which describes a transfer of fluctuations of the
number density of inertial particles over the spectrum.
Note that U(R = 0) = 0 whereas B(R = 0) 6= 0. For
incompressible velocity field U(R) = 0, B(R) = 0.
– The scale-dependent tensor of turbulent diffusion
Dˆαβ(R) is also affected by the compressibility.
In very small scales this tensor is equal to the tensor
of the molecular (Brownian) diffusion, while in the vicin-
ity of the maximum scale of turbulent motions this ten-
sor coincides with the usual tensor of turbulent diffusion.
Tensor Dˆαβ(R) may be written as
Dˆαβ(R) = 2Dδαβ +D
T
αβ(R) , (3.3)
DTαβ(R) = D˜
T
αβ(0)− D˜Tαβ(R) .
In Appendix B we found that for Model I:
B(R) ≈ 2
∫ ∞
0
〈b[0, ξ(r1|0)]b[τ, ξ(r2|τ)]〉 dτ , (3.4)
U(R) ≈ −2
∫ ∞
0
〈v[0, ξ(r1|0)]b[τ, ξ(r2|τ)]〉 dτ ,
D˜Tαβ(R) ≈ 2
∫ ∞
0
〈vα[0, ξ(r1|0)]vβ [τ, ξ(r2|τ)]〉 dτ .
For the δ-correlated in time random Gaussian com-
pressible velocity field the operator Lˆ is replaced by Lˆ0
in the equation for the second moment Φ(t,R), where
Lˆ0 ≡ B0(R) + 2U0(R) ·∇+ Dˆαβ(R)∇α∇β ,
B0(R) = ∇α∇βDˆαβ(R) , (3.5)
U0,α(R) = ∇βDˆαβ(R)
(for details see [20, 21]). In the δ-correlated in time ve-
locity field the second moment Φ(t,R) can only decay in
spite of the compressibility of the velocity field. The rea-
son is that the differential operator Lˆ0 ≡ ∇α∇βDˆαβ(R)
is adjoint to the operator Lˆ†0 ≡ Dˆαβ(R)∇α∇β and their
eigenvalues are equal. The damping rate for the equation
∂Φ/∂t = Lˆ†0Φ(t,R) (3.6)
6has been found in Ref. [36] for a compressible isotropic
homogeneous turbulence in a dissipative range:
γ2 = − (3− σT)
2
6 τη(1 + σT)(1 + 3σT)
. (3.7)
Here σT is the degree of compressibility of the tensor
DTαβ(R). For the δ-correlated in time incompressible ve-
locity field (σT = 0) Eq. (3.6) was derived in Ref. [22].
Thus, for the Kraichnan model of turbulent advection
(with a delta correlated in time velocity field) the clus-
tering instability of the 2nd moment does not occur.
A general form of the turbulent diffusion tensor in a
dissipative range is given by
D
T
αβ(R) = (C1R
2δαβ + C2RαRβ)/τη , (3.8)
C1 = 2(2 + σT)/3 (1 + σT) ,
C2 = 2(2σT − 1)/3 (1 + σT) .
The parameter σT is defined by analogy with Eq. (2.23):
σT ≡ ∇ ·DT ·∇
∇×DT ×∇ =
∇α∇βDTαβ(R)
∇α∇βDTα′β′(R)ǫαα′γǫββ′γ
, (3.9)
where ǫαβγ is the fully antisymmetric unit tensor. Equa-
tions (2.23) and (3.9) imply that σT = σv in the case
of δ-correlated in time compressible velocity field. Equa-
tions (3.4) show that for a finite correlation time identi-
ties (3.5) are violated and
B(R) 6= B0(R) , U(R) 6= U0(R) .
For a random incompressible velocity field with a fi-
nite correlation time the tensor of turbulent diffusion
Dαβ(R) = τ
−1〈ξα(r1)ξβ(r2)〉 [see Eq. (C5)] and the de-
gree of compressibility of this tensor is
σT =
〈(∇ · ξ)2〉
〈(∇×ξ)2〉 , (3.10)
where ξ(r1|t) is the Lagrangian displacement of a par-
ticle trajectory which paths through point r1 at t = 0.
Remarkably that Taylor [37] obtained the coefficient of
turbulent diffusion for the mean field in the formDT(R =
0) = τ−1〈ξα(r1|t)ξα(r1|t)〉.
B. Clustering instability in Model I
Let us study the clustering instability for the model
of the random velocity with Gaussian statistics of the
integrals ∫ t
0
v(t′, ξ) dt′ ,
∫ t
0
b(t′, ξ) dt′ ,
see Appendix B. In this model Eq. (3.2) in a non-
dimensional form reads:
∂Φ
∂t˜
=
Φ′′
m(r)
+
[ 1
m(r)
+ (U − C2)r2
]2Φ′
r
+BΦ ,
1/m(r) ≡ (C1 + C2)r2 + 2/Sc , (3.11)
where U ≡ UR and Sc= ν/D is the Schmidt number.
For small inertial particles advected by air flow Sc≫ 1.
The non-dimensional variables in Eq. (3.11) are r ≡ R/η
and t˜ = t/τη, B and U are measured in the units τ
−1
η .
Consider a solution of Eq. (3.11) in two spatial regions.
a. Molecular diffusion region of scales. In this region
r ≪ Sc−1/2, and all terms ∝ r2 (with C1 , C2 and U) may
be neglected. Then the solution of Eq. (3.11) is given by
Φ(r) = (1 − αr2) exp(γ2t) ,
where
α = Sc(B − γ2τη)/12 , B > γ2τη .
b. Turbulent diffusion region of scales. In this region
Sc−1/2 ≪ r ≪ 1, the molecular diffusion term ∝ 1/Sc is
negligible. Thus, the solution of (3.11) in this region is
Φ(r) = A1r
−λ exp(γ2t) ,
where
λ = (C1 − C2 + 2U ± iC3)/2(C1 + C2) ,
C23 = 4(B − γ2τη)(C1 + C2)− (C1 − C2 + 2U)2 .
Since the total number of particles in a closed volume is
conserved: ∫ ∞
0
r2Φ(r) dr = 0 .
This implies that C23 > 0, and therefore λ is a complex
number. Since the correlation function Φ(r) has a global
maximum at r = 0, C1 > C2 − 2U . The latter condition
for very small U yields σT ≤ 3. For r ≫ 1 the solution
for Φ(r) decays sharply with r. The growth rate γ2 of
the second moment of particles number density can be
obtained by matching the correlation function Φ(r) and
its first derivative Φ′(r) at the boundaries of the above
regions, i.e., at the points r = Sc−1/2 and r = 1. The
matching yields C3/2(C1 + C2) ≈ 2π/ ln Sc. Thus,
γ2 =
1
τη(1 + 3σT)
[
200σU(σT − σU)
3(1 + σU)
− (3− σT)
2
6(1 + σT)
− 3π
2(1 + 3σT)
2
(1 + σT) ln
2 Sc
]
+
20(σB − σU)
τη(1 + σB)(1 + σU)
, (3.12)
where we introduced parameters σB and σU defined by
B = 20σB/(1 + σB) , U = 20σU/3(1 + σU) . (3.13)
Note that the parameters σB ≈ σU ∼ σv. For the
δ-correlated in time random compressible velocity field
σB = σU = σT = σv. Figure 1 shows the range of param-
eters (σv, σT) for σB = σU = σv in the case of Sc = 10
3
(curve c), Sc = 105 (curve b) and Sc → ∞ (curve a).
The dashed line σv = σT corresponds to the δ-correlated
in time random compressible velocity field. This is a
limiting line for the curve ”a”. Figure 1 demonstrates
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FIG. 1: The range of parameters (σv, σT) for σB = σU = σv
in the case of Sc = 103 (curve c), Sc = 105 (curve b) and
Sc → ∞ (curve a). The dashed line σv = σT corresponds to
the δ-correlated in time random compressible velocity field.
that even a very small deviations from the δ-correlated
in time random compressible velocity field results in the
instability of the second moment of the number density
of inertial particles. The minimum value of σT required
for the clustering instability is σT ≈ 0.26 and a corre-
sponding value of σv ≈ 0.12 (see Fig. 1). For smaller
value of σv the clustering instability can occur, but it
requires larger values of σT.
Notably, in Model II of a random velocity field (i.e.,
the Gaussian velocity field with a small yet finite correla-
tion time) the clustering instability occurs when σv > 0.2
(see Appendix C). Indeed, the growth rate γ2 of the sec-
ond moment of particles number density is determined
by equation:
Γ = B˜(σv)St
2 − (3− σv)
2
6(1 + σv)(1 + 3σv)
−8(1 + 3σv)
3(1 + σv)
(
π
ln Sc
)2
,
B˜(σv) = 12
(
b2 +
b3a1
4a22
− b1
2a2
)
,
where St= τ¯ren/τη is the Strouhal number, Γ = γ2(1 +
τ¯renγ2)
2, and
a1 =
2(19σv + 3)
3(1 + σv)
, a2 =
2(3σv + 1)
3(1 + σv)
,
b1 = − 1
27(1 + σv)2
(12− 1278σv − 3067σ2v) ,
b2 =
850
9
(
σv
1 + σv
)2
,
b3 =
1
27(1 + σv)2
(36 + 466σv + 2499σ
2
v) .
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FIG. 2: The range of parameters (Sc, σv) for Sc = 10
3 (curve
c), Sc = 105 (curve b) and Sc → ∞ (curve a). The line Sc = 0
corresponds to the δ-correlated in time random compressible
velocity field.
Figure 2 shows the range of parameters (Sc, σv) for Sc =
103 (curve c), Sc = 105 (curve b) and Sc→∞ (curve a).
It is seen from FIG. 2 that for σv > 0.2 the second-
order correlation function of the number density of iner-
tial particles can grow in time exponentially (i.e., γ2 > 0)
even for very small Strouhal numbers. For example, in
the vicinity of σv = 3, the growth rate γ2 of the cluster-
ing instability of the second-order correlation function is
given by
γ2 = 4×103
(
τuη
η
)2
− (3− σv)
2
240
− 20
3
(
π
ln Sc
)2
. (3.14)
The sufficient condition for the exponential growth of the
second moment of a number density of inertial particles
is Sc > Sc(cr), where the critical Schmidt number Sc(cr)
is given by Sc(cr) = Sc(γ2 = 0). The clustering instabil-
ity occurs when the degree of compressibility of particles
velocity σv > 0.2, i.e., for particles and droplets with the
radius a∗ > 25.4µm. Equation (2.27) also yields a sim-
ilar value σcr ∼ 1/6 for the threshold of the instability
of the 2nd moment (at qcr = 2). Note that Eq. (3.7) is
written for Sc→∞.
IV. NONLINEAR EFFECTS
The compressibility of the turbulent velocity field with
a finite correlation time can cause the exponential growth
of the moments of particles number density. This small-
scale instability results in formation of strong inhomo-
geneities (clusters) in particles spatial distributions. The
linear analysis does not allow to determine a mechanism
of saturation of the clustering instability. As can be
seen from Eq. (3.12) molecular diffusion only depletes
the growth rates of the clustering instability at the lin-
ear stage (contrary to the instability discussed in Ref.
8[30]). The clustering instability is saturated by nonlinear
effects.
Now let us discuss a mechanism of the nonlinear satu-
ration of the clustering instability using on the example of
atmospheric turbulence with characteristic parameters:
η ∼ 1mm, τη ∼ (0.1 − 0.01)s. A momentum coupling of
particles and turbulent fluid is essential when mpncl ∼ ρ,
i.e., the mass loading parameter φ = mpncl/ρ is of the
order of unity (see, e.g., [1]). This condition implies that
the kinetic energy of fluid ρ〈u2〉 is of the order of the
particles kinetic energy mpncl〈v2〉, where |u| ∼ |v|. This
yields:
ncl ∼ a−3(ρ/3ρp) . (4.1)
For water droplets ρp/ρ ∼ 103. Thus, for a = a∗ ∼
30µm we obtain ncl ∼ 104 cm−3 and the total number
of particles in the cluster of size η, Ncl ≃ η3ncl ∼ 10.
This values may be considered as a lower estimate for the
“two-way coupling” when the effect of fluid on particles
has to be considered together with the feed-back effect
of the particles on the carrier fluid. However, it was
found in [38] that turbulence modification by particles is
governed by the ratio of the particle energy and the total
energy of the suspension (rather then the energy of the
carrier fluid) and thus by parameter φ(1+φ) (rather then
by φ itself). Thus we expect that the two-way coupling
can only mitigate but not stop the clustering instability.
An actual mechanism of the nonlinear saturation of
the clustering instability is “four way coupling” when
the particle-particle interaction is also important. In
this situation the particles collisions result in effective
particle pressure which prevents further grows of con-
centration. Particles collisions play essential role when
during the life-time of a cluster the total number of colli-
sions is of the order of number of particles in the cluster.
The rate of collisions J ∼ ncl/τη can be estimated as
J ∼ 4πa2n2cl|vrel|. The relative velocity vrel of collid-
ing particles with different but comparable sizes can be
estimated as |vrel| ∼ τp|(u ·∇)u| ∼ τpu2η/η. Thus the
collisions in clusters may be essential for
ncl ∼ a−3(η/a)(ρ/3ρp) , ℓs ∼ a(3aρp/ηρ)1/3 , (4.2)
where ℓs is a mean separation of particles in the cluster.
For the above parameters (a = 30µm) ncl ∼ 3×105cm−3,
ℓs ∼ 5 a ≈ 150µm and Ncl ∼ 300. Note that the mean
number density of droplets in clouds n¯ is about 102 −
103cm−3. Therefore the clustering instability of droplets
in the clouds increases their concentrations in the clusters
by the orders of magnitude.
In all our analysis we have neglected the effect of sed-
imentation of particles in gravity field which is essential
for particles of the radius a > 100µm. Taking ℓcl ≃ η
we assumed implicitly that τp < τη. This is valid (for
the atmospheric conditions) if a ≤ 60µm. Otherwise the
cluster size can be estimated as ℓcl ≃ η(τp/τη)3/2.
Our estimates support the conjecture that the clus-
tering instability serves as a preliminary stage for a co-
agulation of water droplets in clouds leading to a rain
formation.
V. DISCUSSION
In this study we investigated the clustering instability
of the spatial distribution of inertial particles advected
by a turbulent velocity field. The instability results in
formation of clusters, i.e., small-scale inhomogeneities of
aerosols and droplets. The clustering instability is caused
by a combined effect of the particle inertia and finite cor-
relation time of the velocity field. The finite correlation
time of the turbulent velocity field causes the compress-
ibility of the field of Lagrangian trajectories. The latter
implies that the number of particles flowing into a small
control volume in a Lagrangian frame does not equal to
the number of particles flowing out from this control vol-
ume during a correlation time. This can result in the
depletion of turbulent diffusion.
The role of the compressibility of the velocity field is
as follows. Divergence of the velocity field of the inertial
particles div v = τp∆P/ρ. The inertia of particles results
in that particles inside the turbulent eddies are carried
out to the boundary regions between the eddies by iner-
tial forces (i.e., regions with low vorticity and high strain
rate). For a small molecular diffusivity div v ∝ −dn/dt
[see Eq. (2.1)]. Therefore, dn/dt ∝ −τp∆P/ρ. Thus
there is accumulation of inertial particles (i.e., dn/dt > 0)
in regions with ∆P < 0. Similarly, there is an out-
flow of inertial particles from the regions with ∆P > 0.
This mechanism acts in a wide range of scales of a tur-
bulent fluid flow. Turbulent diffusion results in relax-
ation of fluctuations of particles concentration in large
scales. However, in small scales where turbulent diffu-
sion is small, the relaxation of fluctuations of particle
concentration is very weak. Therefore the fluctuations of
particle concentration are localized in the small scales.
This phenomenon is considered for the case when den-
sity of fluid is much less than the material density ρp of
particles (ρ ≪ ρp). When ρ ≥ ρp the results coincide
with those obtained for the case ρ ≪ ρp except for the
transformation τp → β∗τp, where
β∗ = 2
(
1 +
ρ
ρp
)(
ρp − ρ
2ρp + ρ
)
.
For ρ ≥ ρp the value dn/dt ∝ −β∗τp∆P/ρ. Thus there
is accumulation of inertial particles (i.e., dn/dt > 0) in
regions with the minimum pressure of a turbulent fluid
since β∗ < 0. In the case ρ ≥ ρp we used the equation of
motion of particles in fluid flow which takes into account
contributions due to the pressure gradient in the fluid
surrounding the particle (caused by acceleration of the
fluid) and the virtual (”added”) mass of the particles
relative to the ambient fluid [39].
The exponential growth of the second moment of a
number density of inertial particles due to the small-
9scale instability can be saturated by the nonlinear ef-
fects (see Section IV). The excitation of the second mo-
ment of a number density of particles requires two kinds
of compressibilities: compressibility of the velocity field
and compressibility of the field of Lagrangian trajecto-
ries, which is caused by a finite correlation time of a ran-
dom velocity field. Remarkably, the compressibility of
the field of Lagrangian trajectories determines the coeffi-
cient of turbulent diffusion (i.e. the coefficient Dαβ near
the second-order spatial derivative of the second moment
of a number density of inertial particles in Eq. (3.2).
The compressibility of the field of Lagrangian trajecto-
ries causes depletion of turbulent diffusion in small scales
even for σv = 0. On the other hand, the compressibility
of the velocity field determines a coefficient B(r) near the
second moment of a number density of inertial particles
in Eq. (3.2). This term is responsible for the exponen-
tial growth of the second moment of a number density of
particles.
Summary:
• We showed that the physical reason for the cluster-
ing instability in spatial distribution of particles in tur-
bulent flows is a combined effect of the inertia of particles
leading to a compressibility of the particle velocity field
v(t, r) and a finite velocity correlation time.
• The clustering instability can result in a strong clus-
tering whereby a finite fraction of particles is accumu-
lated in the clusters and a weak clustering when a finite
fraction of particle collisions occurs in the clusters.
• The crucial parameter for the clustering instability
is a radius of the particles a. The instability criterion is
a > acr ≈ a∗ for which 〈(div v)2〉 = 〈|rotv|2〉. For the
droplets in the atmosphere a∗ ≃ 30µm. The growth rate
of the clustering instability γcl ∼ τ−1η (a/a∗)4, where τη
is the turnover time in the viscous scales of turbulence.
• We introduced a new concept of compressibility of
the turbulent diffusion tensor caused by a finite corre-
lation time of an incompressible velocity field. For this
model of the velocity field, the field of Lagrangian tra-
jectories is not divergence-free.
•We suggested a mechanism of saturation of the clus-
tering instability - particle collisions in the clusters. An
evaluated nonlinear level of the saturation of the droplets
number density in clouds exceeds by the orders of mag-
nitude their mean number density.
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APPENDIX A: Basic equations in the model with a
random renewal time
In this Appendix we derive Eq. (A20) for the simul-
taneous second-order correlation function Φ(t, r) which
serves as a basis for further analysis in Appendixes B
and C under some simplifying model assumptions about
the statistics of the velocity field.
1. Exact solution of dynamical equations for a
given velocity field
a. Simple case: no molecular diffusion
Consider first Eq. (2.1) for the number density of par-
ticles n(t, r) in the case D = 0:
∂n(t, r)
∂t
+∇ · [n(t, r)v(t, r)] = 0 , (A1)
when all particles are transported only by advection. So-
lution of Eq. (A1) with the initial condition n(s, r) is
given by
n(t, r) = G(t, r)n[s, ξL(t, r|s)] , (A2)
where ξL(t, r|s) is the Lagrangian trajectory of the par-
ticle which is located at coordinate r at time t. Here
we label the particles at present moment of time t and
consider a current time s < t as moments in the past.
This differs from a usual approach, see Eqs. (2.4), when
particles are labelled at the initial time t0, and a cur-
rent time t > t0. Therefore in the equations below it
is more convenient to redefine Lagrangian displacement
ρL(t, r|s)→ ρ˜L(t, r|s) = −ρL(t, r|s). Now Eqs. (2.4) can
be written as
ρ˜L(t, r|s) =
∫ t
s
v[τ, ξL(t, r|τ)] dτ , (A3)
ξL(t, r|s) ≡ r − ρ˜L(t, r|s) . (A4)
The Green function is the functional of ξL(t, r|s):
G(t, r, s) = exp
{
−
∫ t
s
b[τ, ξL(t, r|τ)] dτ
}
,
b(t, r) ≡ ∇ · v(t, r) , (A5)
Introduce the shift operator
exp[−ρ˜L ·∇ ] = 1− ρ˜L ·∇+ 1
2!
[−ρ˜L ·∇]2 − . . . (A6)
which acts as follows:
exp[−ρ˜L ·∇ ]n(t, r) = n(t, r − ρ˜L) . (A7)
10
One can validate relation (A7) by Taylor series expan-
sion of the function n(t, r − ρ˜L). Now Eq. (A2) can be
rewritten as follows:
n(t, r) = G(t, r, s) exp[−ρ˜L(t, r|s) ·∇ ]n(s, r) . (A8)
b. Molecular diffusion as a Wiener process
Consider now the full Eq. (2.1) with D 6= 0 whereby
particles are transported by both, fluid advection and
molecular diffusion. It was found by Wiener (see, e.g.,
[33]) that Brownian motion (molecular diffusion) can be
described by the Wiener random process w(t) with the
following properties:
〈w(t)〉w = 0 , 〈wi(t+ τ)wj(t)〉w = τδij . (A9)
Here 〈. . .〉w denotes the mathematical expectation over
the statistics of the Wiener process. Introduce the
Wiener trajectory ξW(t, r|s) (which usually is called the
Wiener path) and the Wiener displacement ρW(t, r|s) as
follows:
ξw(t, r|s) ≡ r − ρW(t, r|s) , (A10)
ρW(t, r|s) =
∫ t
s
v[τ, ξw(t, r|τ)] dτ +
√
2Dw(t− s) .
Comparison of this formula with Eqs. (A3) shows that
in the limit D → 0, ξW(t, r|s) → ξL(t, r|s) and
ρW(t, r|s)→ ρL(t, r|s).
In Refs. [35] it was shown that solution of Eq. (2.1)
(with D 6= 0) can be written as solution (A8) of Eq. (A1)
(with D = 0) by replacement ρ˜L(t, r|s) → ρ˜W(t, r|s)
and then averaging over the statistics of the Wiener pro-
cesses (A9):
n(t, r) = 〈G(t, r, s) exp[−ρW(t, r|s) ·∇ ]n(s, r)〉w .
(A11)
2. Two-step averaging over velocity statistics
a. Model of a random velocity field
Note that Eq. (A11) is a solution of Eq. (2.1) at a given
realization of the random velocity field. Our next goal is
to determine the simultaneous correlation functions
n¯(t) = 〈〈n(t, r)〉〉v , (A12)
Φ(t, r2 − r1) = 〈〈n(t, r1)n(t, r2)〉〉v − n¯2(t) ,
averaged over the stationary, space homogeneous statis-
tics of turbulent velocity field, where 〈〈. . .〉〉v denotes this
averaging. Since the initial distribution n(t0, r) is as-
sumed to be homogeneous in space, n¯(t) is independent
of spatial coordinate, and Φ(t, r2 − r1) depends only on
the difference r2 − r1.
In order to simplify the averaging procedure (A12) we
consider a model of random velocity field which fully
looses memory at some instants of renewal τj . For t1
and t2 inside a renewal interval [τj < t1, t2 < τj+1] the
velocity pair correlation function is defined as
Fαβ(t2 − t1, r2 − r1) ≡ 〈vα(t1, r1)vβ(t2, r2)〉v , (A13)
where 〈. . .〉v denotes averaging over “intrinsic statistics”
of the velocity field. In our model the velocity fields be-
fore and after renewals are statistically independent. The
interval between the renewal instants τj may be the same
or randomly distributed, say with the Poisson statistics.
In the latter case the full averaging 〈〈. . .〉〉v may be con-
sidered as a two-stage process. First one calculates 〈. . .〉v
and then averages over the statistics of the renewal time
τren, which is denoted as 〈. . .〉ren:
〈〈. . .〉〉v ≡ 〈 〈. . .〉v〉ren . (A14)
For the Poisson statistics of τj
Fαβ(t2 − t1, r2 − r1) ≡ 〈〈vα(t1, r1)vβ(t2, r2)〉〉v
= Fαβ(t2 − t1, r2 − r1) exp(−|t2 − t1|/τ¯ren) , (A15)
where τ¯ren is a mean renewal time. It would be useful to
define the correlation time of the function Fαβ as follows
τv(R) =
∫
Fαβ(τ,R) dτ/Fαβ(0,R) . (A16)
Certainly this model of the random velocity field can-
not be considered as universal. However, it reproduces
important features of some flows (see, e.g., Ref. [40]).
b. Averaging procedure
Our model involves three random processes:
1. The Wiener random process which describes Brow-
nian (molecular) diffusion.
2. Poisson process for a random renewal time.
3. The random velocity field between the renewals.
Eq. (A11) presents n(t, r) after the first step, i.e., it de-
scribes the number density at a given realization of a
velocity field. Using Eq. (A11) we obtain
n(t, r1)n(t, r2) = 〈G(r1)G(r2) exp[ξ′(r1) ·∇1
+ξ′(r2) ·∇2]n(s, r1)n(s, r2)〉ww , (A17)
where ∇1 = ∂/∂r1 and ∇2 = ∂/∂r2 and 〈〉ww de-
notes averaging over two independent Wiener processes
determining two Wiener paths. Hereafter for simplicity
we use the following notations: G(r) ≡ G(t, r, s) and
ξ′(r) ≡ ξ′(t, r|s).
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Now we average Eq. (A17) over a random velocity field
for a given realization of a Poisson process:
Φ˜(t, r2 − r1) = 〈n(t, r1)n(t, r2)〉v − (n¯)2 (A18)
= 〈〈G(r1)G(r2) exp[ξ′(r1) ·∇1 + ξ′(r2) ·∇2]〉ww〉v
×Φ˜(t0, r1 − r2)} .
Here the time t0 is the last renewal time before time t
and t′ = t− t0 is a random variable. Thus, averaging of
the functions
G(r1)G(r2) exp[ξ
′(r1) ·∇1 + ξ′(r2) ·∇2] ,Φ(t0, r1 − r2)
is decoupled into two time intervals because the first func-
tion is determined by the velocity field after the renewal
while the second function Φ(t0, r1 − r2) is determined
by the velocity field before renewal. Now we take into
account that for the Poisson process any instant can be
chosen as the initial instant. We average Eq. (A18) over
the random renewal time. The probability density p(t′)
for a random renewal time is given by
p(t′) = τ¯−1ren exp(−t′/τ¯ren) . (A19)
Thus the resulting averaged equation for “fully” averaged
correlation function Φ(t,R) = 〈Φ˜(t,R)〉ren, defined by
Eq. (A12), assumes the following form:
Φ(t,R) = τ¯−1ren
∫ t
0
Pˆ (τ,R)Φ(t − τ,R) exp(−τ/τ¯ren) dτ
+exp(−t/τ¯ren)Pˆ (t,R)Φ0(R) . (A20)
The first term in Eq. (A20) describes the case when there
is at least one renewal of the velocity field during the
time t (i.e., the Poisson event), whereas the second term
describes the case when there is no renewal during the
time t. Here Φ0(R) = Φ(t = 0,R) and
Pˆ (t,R) = 〈〈G(r1)G(r2) (A21)
× exp[ξ′(r1) ·∇1 + ξ′(r2) ·∇2]〉ww〉v
= exp〈〈g(r1) + g(r2) + ξ′(r1) ·∇1 + ξ′(r2) ·∇2〉ww〉v ,
where G(r) = exp[g(r)]. Equation (A20) is simplified in
Appendixes B and C under the additional assumptions
about the velocity field statistics.
APPENDIX B: VELOCITY FIELD WITH
GAUSSIAN LAGRANGIAN TRAJECTORIES
Consider a model of a random velocity field where La-
grangian trajectories, i.e., the integrals
∫
v(µ, ξ) dµ and∫
b(µ, ξ) dµ have Gaussian statistics. Using an identity
〈exp(aη)〉η = exp(12a2) in Eq. (A21) we obtain
Pˆ (µ,R) = exp[µLˆ] , (B1)
where
Lˆ = B(R) + 2Uα(R)∇α + Dˆαβ(R)∇α∇β ,
µB(R) = 〈〈g(r1)g(r2)〉ww〉v , (B2)
µUα(R) = −〈〈ξ′α(r1)g(r2)〉ww〉v ,
Dˆαβ(R) = Dαβ(0)−Dαβ(R) ,
µDαβ(R) = 〈〈ξ′α(r1)ξ′β(r2)〉ww〉v .
Here η is a Gaussian random variable with zero mean
value and unit variance and 〈〈G(r)〉w〉v = 1. The latter
yields
〈〈g〉w〉v = −1
2
〈〈g˜2〉w〉v , g = 〈〈g〉w〉v + g˜ ,
where 〈〈g˜〉w〉v = 0. When correlation time τv(R),
Eq. (A16), is much less then the current time t and τ¯ren,
these correlation functions are given by
B(R)=2
∞∫
0
〈〈b[0, ξ(r1)]b[µ′, ξ(r2)]〉ww〉v dµ′, (B3)
Uα(R)=−2
∞∫
0
〈〈vα[0, ξ(r1)]b[µ′, ξ(r2)]〉ww〉v dµ′ ,
Dαβ(R)=2
∞∫
0
〈〈vα[0, ξ(r1)]vβ [µ′, ξ(r2)]〉ww〉v dµ′ ,
where we used an identity
〈〈
µ∫
0
aα(µ
′, r1) dµ′
µ∫
0
cβ(µ
′′, r2) dµ′′〉w〉v
≃ 2µ
∞∫
0
〈〈aα(0, r1)cβ(µ′, r2)〉w〉v dµ′ .
Eq. (B1) allows to rewrite Eq. (A20) as
Φ(t,R) =
1
τ¯ren
[∫ t
0
exp(µLˆ1) dµ
]
Φ(t,R)
+ exp(tLˆ1)Φ(t,R) , (B4)
where
Lˆ1 = Lˆ − ∂
∂t
− 1
τ¯ren
. (B5)
To derive Eq. (B4) we used the following identity
Φ(t− µ,R) = exp
(
−µ ∂
∂t
)
Φ(t,R) , (B6)
which follows from the Taylor expansion
f(t+ τ) =
∞∑
m=1
(
τ
∂
∂t
)m
f(t)
m!
= exp
(
τ
∂
∂t
)
f(t) . (B7)
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In particular,
Φ0(R) = Φ(t− t,R) = exp
(
−t ∂
∂t
)
Φ(t,R) .
Evaluating the integral in Eq. (B4) we obtain[
exp(tLˆ1)− 1
](
Lˆ1 + τ¯−1ren
)
Φ(t,R) = 0 . (B8)
Here we used the commutativity relation
Lˆ1 exp(tLˆ1) = exp(tLˆ1) Lˆ1 .
Thus, finally
∂Φ
∂t
=
[
B(R) + 2U(R) ·∇+ Dˆαβ(R)∇α∇β
]
Φ(t,R) ,
(B9)
Note that in the limit τ¯ren → ∞, Eq. (B9) describes the
evolution of Φ(t,R) in the model of the random velocity
field without renewals.
APPENDIX C: GAUSSIAN VELOCITY FIELD
WITH A SMALL YET FINITE CORRELATION
TIME
Here we consider a random Gaussian velocity field with
a small τ¯ren. Using Eq. (B6) we rewrite Eq. (A20) in the
form
{
1
τ¯ren
t∫
0
Pˆ (τ,R) exp
(
− τ
τ¯ren
Mˆ
)
dτ − 1
}
Φ(t,R) = 0 ,
(C1)
where Mˆ = 1+ τ¯ren(∂/∂t) and we neglected the last term
in Eq. (A20) for small τ . Expanding the function Pˆ (τ,R)
in Taylor series in the vicinity of τ = 0 we obtain
{ ∞∑
k=0
τ¯kren
[∂kPˆ (τ,R)
∂τk
]
τ=0
Mˆ−(k+1) − 1
}
Φ(t,R) = 0 ,
(C2)
where we used that
t∫
0
τk exp
(
− τ
τ¯ren
Mˆ
)
dτ = k! τ¯k+1ren Mˆ
−(k+1) .
Neglecting the terms ∼ O(τ¯5ren) in Eq. (C2) we obtain
Mˆ2
∂Φ(t,R)
∂t
= τ¯ren
[(
∂2Pˆ (τ,R)
∂τ2
)
τ=0
(C3)
+τ¯2ren
(
∂4Pˆ (τ,R)
∂τ4
)
τ=0
]
Φ(t,R) ,
where we used that the expansion of the operator Pˆ (τ,R)
into Taylor series (for small τ) for a random Gaussian ve-
locity field has only even powers of τ. Thus, the equation
for the correlation function Φ(t,R) is given by
Mˆ2
∂Φ(t,R)
∂t
= [B(R) + 2U(R)·∇+ Dˆαβ(R)∇α∇β ]Φ , (C4)
where
Dˆαβ(R) =
τ¯ren
2
〈〈ξ˜αξ˜βG(r1)G(r2)〉ww〉v , (C5)
Uα(R) = − 1
τ¯ren
〈〈g(r2)ξ∗α(r1)〉ww〉v +
1
2τ¯ren
〈〈g(r1)g(r2)ξ˜α〉ww〉v , (C6)
B(R) =
1
τ¯ren
〈〈g(r1)g(r1)〉ww〉v , (C7)
Here for the homogeneous turbulent velocity field [21]:
ξ˜ = ξ′(r2)− ξ′(r1) , ∇ = ∂/∂R , G = G¯+ g, 〈〈g〉ww〉v = 0 , G¯ = 〈〈G〉ww〉v = 1 .
Using the expansion of ξ(τ¯ren, r) and g[τ¯ren, ξ(r)] into Taylor series of a small time τ¯ren after the lengthly algebra we
obtain
Dˆαβ(R) = 2Dδαβ + 2τ¯ren[f˜αβ(R) + St
2Qαβ(R)] , (C8)
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Qαβ(R) = 3[(∇νfµβ)(∇µfαν)− f˜µν∇ν∇µfαβ ] + 24AαAβ + 12(Aµ∇µfαβ − f˜αβ∇µAµ)− 20f˜αµ∇µAβ , (C9)
Uα(R) = −2τ¯ren{Aα − St2[(∇νAµ)(∇µfαν) + 10Aµ∇µAα + 12Aα∇µAµ]} , (C10)
B(R) = −2τ¯ren{∇µAµ + St2[(∇νAµ)(∇µAν)− 6(∇µAµ)2]} , (C11)
Aα = ∇βfαβ , f˜αβ = fαβ(0)− fαβ(R) , fαβ(R) = 〈vα(r1)vβ(r2)〉v ,
and St= τ¯ren/τη is the Strouhal number. In these cal-
culations we neglected small terms ∼ O(St2R3∇3). Our
analysis showed that the neglected small terms do not
affect the growth rate of the clustering instability. In
Eqs. (C9)-(C11) we assumed that the correlation func-
tion fαβ for homogeneous, isotropic and compressible ve-
locity field is given by
fαβ(R) =
u2η
3
[
(F + Fc)δαβ +
RF ′
2
Pαβ +RF
′
cRαβ
]
,
(C12)
(see [36]), and in scales 0 < R ≪ 1 incompressible F (R)
and compressible Fc(R) components of the random ve-
locity field are given by
F (R) = (1 −R2)/(1 + σv) , Fc(R) = σvF (R) ,
in scales R ≥ 1 the functions F = Fc = 0. Here R
is measured in the units of η, Pαβ(R) = δαβ − Rαβ ,
Rαβ = RαRβ/R
2 and F ′ = dF/dR. Turbulent diffusion
tensor Dαβ(R) is determined by the field of Lagrangian
trajectories ξ [see Eq. (C5)]. Due to a finite correla-
tion time of a random velocity the field of Lagrangian
trajectories ξ is compressible even if the velocity field is
incompressible (σv = 0). Indeed, for σv = 0 we obtain
〈〈(∇ · ξ)2〉w〉v = 20
3
St4 .
Using Eqs. (C8)-(C12) we calculate the functions
Dˆαβ(R), Uα(R) and B(R) :
Dˆαβ(R) = [2D +R
2(a3 + St
2b6)]δαβ
+R2(a4 + St
2b4)Rαβ , (C13)
Uα(R) = −Rα(a5 + St2b5) , (C14)
B = a6 + St
2b2 , (C15)
where b2 = − 5147b5 and
a5 = − 20σv
3(1 + σv)
= −a2
3
, a3 =
2σv + 4
3(1 + σv)
,
a4 =
4σv − 2
3(1 + σv)
, b5 = −2350
27
(
σv
1 + σv
)2
,
b6 =
12 + 872σv + 433σ
2
v
27(1 + σv)2
,
b4 =
2(12− 203σv + 1033σ2v)
27(1 + σv)2
.
We will show here that the combined effect of particles in-
ertia (σv 6= 0) and finite correlation time (St 6= 0) results
in the excitation of the clustering instability whereby un-
der certain conditions there is a self-excitation of the sec-
ond moment of a number density of inertial particles.
This instability causes formation of small-scale inhomo-
geneities in spatial distribution of inertial particles.
The equation for the second-order correlation function
for the number density of inertial particles reads
Mˆ2
∂Φ(t, R)
∂t
=
Φ′′
m(R)
+ λ˜(R)Φ′ +BΦ (C16)
[see Eqs. (C15)], where the time t is measured in units of
tη, and
Φ′ =
∂Φ
∂R
, Φ′′ =
∂2Φ
∂R2
,
1
m
=
2(1 +X2)
Sc
,
λ˜ =
2[2 +X2(1 + 2C)]
R Sc
, C =
a1 + St
2b1
4β
,
β =
a2 + St
2b3
2
, X(R) =
√
Scβ R, R = |r2 − r1| ,
a1 =
2(19σv + 3)
3(1 + σv)
, a2 =
2(3σv + 1)
3(1 + σv)
,
b1 = − 1
27(1 + σv)2
(12− 1278σv − 3067σ2v) ,
b3 =
1
27(1 + σv)2
(36 + 466σv + 2499σ
2
v) .
In order to obtain a solution of Eq. (C16) we use a sep-
aration of variables, i.e., we seek for a solution in the
following form:
Φ(t, R) = Φˆ(R) exp(γ2t) ,
whereby γ2 is a free parameter which is determined using
the boundary conditions
Φˆ(R = 0) = 1 , Φˆ(R→∞) = 0 .
Here γ2 is measured in units of 1/tη. Since the func-
tion Φ(t, R) is the two-point correlation function, it has
a global maximum at R = 0 and therefore it satisfies the
conditions:
Φˆ′(R = 0) = 0 , Φˆ′′(R = 0) < 0 ,
Φˆ(R = 0) > |Φˆ(R > 0)| .
Then Eq. (C16) yields
ΓΦˆ(R) =
1
m(R)
Φˆ′′ + λ˜(R)Φˆ′ +BΦˆ , (C17)
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where Γ = γ2(1+ τ¯renγ2)
2 . Equation (C17) has an exact
solution for 0 ≤ R < 1 :
Φˆ(X) = S(X)X(1 +X2)µ/2 , (C18)
S(X) = Re{A1Pµζ (iX) +A2Qµζ (iX)} ,
and Pµζ (Z) and Q
µ
ζ (Z) are the Legendre functions with
imaginary argument
Z = iX , µ = C − 3
2
, ζ = −1
2
±
√
C2 − κ , κ = B − Γ
2β
.
Solution of Eq. (C16) can be analyzed using asymp-
totics of the exact solution (C18). This asymptotic analy-
sis is based on the separation of scales (see, e.g., [34, 36]).
In particular, the solution of Eq. (C16) has different re-
gions where the form of the functions m(R) and λ˜(R) are
different. The functions Φˆ(R) and Φˆ′(R) in these differ-
ent regions are matched at their boundaries in order to
obtain continuous solution for the correlation function.
Note that the most important part of the solution is lo-
calized in small scales (i.e., R≪ 1). Using the asymptotic
analysis of the exact solution for X ≫ 1 allowed us to ob-
tain the necessary conditions of a small-scale instability
of the second moment of a number density of inertial par-
ticles. The results obtained by this asymptotic analysis
are presented below.
The solution (C18) has the following asymptotics: for
X ≪ 1 (i.e., in the scales 0 ≤ R ≪ 1/
√
Sc) the solution
for the second moment Φˆ is given by
Φˆ(X) = {1− (κ/6)[X2 +O(X4)]} . (C19)
For X ≫ 1 (i.e., in the scales 1/√Sc ≪ R < 1) the
function Φˆ is given by
Φˆ(X) = Re{AX−C±
√
C2−κ}. (C20)
When C2 − κ < 0 the second-order correlation function
for a number density of inertial particles Φˆ is given by
Φˆ(R) = A3R
−C cos(νI lnR+ ϕ) , νI =
√
κ− C2 ,
where C > 0 and ϕ is the argument of the complex con-
stant A. For R ≥ 1 the second-order correlation function
for the number density of inertial particles is given by
Φˆ(R) = (A4/R) exp(−R
√
3Γ/2) , (C21)
where Γ > 0. Since the total number of particles in
a closed volume is conserved, i.e., particles can only be
redistributed in the volume,
∫ ∞
0
R2Φˆ(R) dR = Φˆ(k = 0) = 0 .
The latter yields ϕ = −π/2 for ln Sc ≫ 1 and Γ ≪ 1.
When C2−κ > 0, the solution (C20) cannot be matched
with solutions (C19) and (C21). Thus, the condition C2−
κ < 0 is the necessary condition for the existence of the
solution for the correlation function. The condition C >
0 provides the existence of the global maximum of the
correlation function at R = 0.
Matching functions Φˆ and Φˆ′ at the boundaries of the
above-mentioned regions yields coefficients Ak and Γ. In
particular, the eigenvalue Γ is given by Eq. (3.14).
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